We present new oscillation criteria for the second order nonlinear dynamic equation
Introduction
In this paper, we are concerned with the oscillatory behavior of the second order nonlinear functional dynamic equation with -Laplacian and nonlinearities given by RiemannStieltjes integral
where the time scale T is unbounded above; ( ) := | | −1 , > 0; ∈ [ , )T with −∞ < < ≤ ∞ is strictly increasing;T is a time scale; is a positive rdcontinuous function on T; 0 and are nonnegative rdcontinuous functions on T and T ×T with 0 , ̸ ≡ 0; the functions 0 : T → T and : T ×T → T are rd-continuous functions such that lim → ∞ 0 ( ) = ∞ and lim → ∞ ( , ) = ∞ for ∈ T and ∈T.
Both of the following two cases:
are considered. We define the time scale interval [ 0 , ∞) T by [ 0 , ∞) T := [ 0 , ∞) ∩ T. By a solution of (1) we mean a nontrivial real-valued function ∈ 1 rd [ , ∞) T , ≥ 0 , which has the property that ( Δ ) ∈ 1 rd [ , ∞) and satisfies (1) on [ , ∞) T , where rd is the space of rdcontinuous functions. The solutions vanishing identically in some neighborhood of infinity will be excluded from our consideration. A solution of (1) is said to be oscillatory if it is neither eventually positive nor eventually negative; otherwise it is nonoscillatory.
Not only does the theory of the so-called "dynamic equations" unify theories of differential equations and difference equations, but also it extends these classical cases to cases "in between, " for example, to the so-called -difference equations when T = N 0 (which has important applications in quantum theory (see [1] )) and can be applied in different types of time scales like T = ℎZ, T = N 2 0 , and T = { } the set of harmonic numbers. In this work knowledge and understanding of time scales and time scale notation is assumed; for an excellent introduction to the calculus on time scales, see Bohner and Peterson [2] [3] [4] .
In the last few years, there has been increasing interest in obtaining sufficient conditions for the oscillation/nonoscillation of solutions of different classes of 2 Abstract and Applied Analysis dynamic equations; we refer the reader to and the references cited therein. Recently, Erbe et al. [26] considered
on an arbitrary time scale T, where is a quotient of odd positive integers and Φ ( ) = | | sgn with > 0 and 0 = , is a positive rd-continuous function on T, , = 0, 1, 2, . . . , , are nonnegative rd-continuous functions on T, and : T → T, = 0, 1, 2, . . . , , satisfy lim → ∞ ( ) = ∞. In [26] , some oscillation criteria have been established when ( ) ≡ ( ), = 1, 2, . . . , , ( ) ≤ , and is nondecreasing and delta differentiable with = on [ 0 , ∞) T . In this paper, we will establish oscillation criteria for the more general equation (1) under mild assumptions on the time scale T and the time delay. Note that (1) not only contains a -Laplacian term > 0 and the advanced/delayed function , but also allows an infinite number of nonlinear terms and even continuous nonlinearities determined by the function .
Main Results
Throughout this paper, we denote
Lemma 1. Assume that
or
where
If (1) has a positive solution on [ 0 , ∞) T , then there exists a ∈ [ 0 , ∞) T , sufficiently large, so that 
Hence, by (5), we have lim → ∞ ( ) = −∞, which contradicts the fact that is a positive solution of (1). Second, we assume that (6) holds. Using the fact that ( Δ ) is nonincreasing, we obtain, for
where (1) and (12) we find that
Integrating this last inequality from 2 to , we see that
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Again, integrating this last inequality from 2 to , we get
From (6), we have lim → ∞ ( ) = −∞, which contradicts the fact that is a positive solution of (1). This completes the proof.
Lemma 2.
Assume that there exists sufficiently large ≥ 0 such that
Then
Proof. Since ( Δ ) is strictly decreasing on [ , ∞) T . If ≥ , then ( ) > ( ) by the fact that is strictly increasing. Now we consider the case when ≤ ≤ . We first have
which implies
On the other hand, we have
It implies that
Therefore, (22) and (24) yield that
and hence
Let 1 ≥ so that 0 ( ) > and ( , ) > for ≥ 1 and ∈ [ , ]T . Thus, we have that, for ≥ 1 ,
This completes the proof.
We denote by ( , )T the set of Riemann-Stieltjes integrable functions on [ , )T with respect to . Let ∈ [ , )T such that ( ) = . We further assume that
such that
We start with the following two lemmas cited from [25] which will play an important role in the proofs of our results.
Lemma 3. Let
where we use the convention that ln 0 = −∞ and −∞ = 0. (5) and (6) holds. Furthermore, suppose that there exists a positive Δ-differentiable function ( ) such that, for all sufficiently large ,
Theorem 5. Assume that one of conditions
with 1 and 2 being defined by (19) and ( 
Define
By the product rule and the quotient rule, we have that
From (1) and the definition of ( ), we have
By the Pötzsche chain rule [3, Theorem 1.90], we obtain
If 0 < ≤ 1, we have that
whereas if ≥ 1, we have that
Using the fact that ( ) is strictly increasing and ( )( Δ ( )) is nonincreasing, we get that 
where := ( + 1)/ . By (18) and the definition of( , ), we have that, for ≥ 2 and ∈ [ , ]T ,
where 1 ( ) := 0 ( ) 1 ( ) and 2 ( , ) := ( , ) ( ) ( , ). We let ∈ ( , )T be defined as in Lemma 3. Then satisfies (31). This follows the fact that
From Lemma 4 we get
This together with (44) shows that, for ≥ 2 ,
Define ≥ 0 and ≥ 0 by
Then, using the inequality [27]
we get that
From this last inequality and (47) we get, for ≥ 2 ,
Integrating both sides from 2 to , we get
which leads to a contradiction to (33).
In the following examples, forT = R, ∈ N, and ∈ [0, + 1), we assume that 
( , ) = ( ) and ( , ) = ( ) for = 1, . . . , .
Example 6. Consider the nonlinear dynamic equation
where , = 0, 1, 2, . . . , , are rd-continuous functions with 0 ( ) ≥ on [ 0 , ∞) T , and , = 1, 2, . . . , , are positive constants, and , = 1, 2, . . . , , are nonnegative rdcontinuous functions on T. Here,
Choose an -tuple ( 1 , 2 , . . . , ) with 0 < < 1 satisfying (31). By Example 5.60 in [4] , condition (5) holds since 
Then, by Theorem 5, every solution of (55) is oscillatory.
Example 7.
Consider the nonlinear dynamic equation
where 0 < = 0 ≤ 1 is a positive real number, 0 ( ) := , , = 1, 2, . . . , , are positive constants, , = 1, 2, . . . , , are nonnegative rd-continuous functions on T, and , = 0, 1, 2, . . . , , are rd-continuous functions with 0 ( ) ≤ on
It is clear that ( ) satisfies
This holds for many time scales, for example, when T = N 0 = { : = , ∈ N 0 , > 1}. To see that (6) holds note that
Since
we can find 0 < < 1 such that V − 0 > V for V ≥ > 0 . Therefore, we get
To apply Theorem 5, it remains to prove that condition (33) holds. By putting ( ) ≡ 1, we get lim sup
We conclude that if We are now ready to state and prove Philos-type oscillation criteria for (1) . Its proof can be similarly done as [28] and hence is omitted. (5) and ( 
Theorem 8. Assume that one of conditions
and has a nonpositive continuous Δ-partial derivative Δ ( , ) with respect to the second variable and satisfies
and, for all sufficiently large ,
where ( ) is a positive Δ-differentiable function. Then every solution of (1) is oscillatory on [ 0 , ∞) T .
Example 9. Consider the following dynamic equation: We have that ℎ( , ) ≥ 0 for ∈ [ 0 , ) T and hence ℎ − ( , ) ≡ 0
By Theorem 8, we can say that every solution of (69) is oscillatory if lim sup 
Integrating both sides of the dynamic equation (18) from to ∞, we obtain
As shown in the proof of Theorem 5, we have
Then, from (75) and (76), we get
Since Δ ( ) > 0 and ( ) > 0, we have
Also, by using the fact that ( Δ ) is nonincreasing, we have
In view of (78) and (80), we get 
Example 11. For ∈ [ 0 , ∞) T , we consider the following dynamic equation: 
By Theorem 10, every solution of (83) is oscillatory.
The last theorem is under the assumption that ∫ ∞ 0 2 ( )Δ < ∞. Its proof can be similarly done as in [28] and hence is omitted. 
Then every solution of (1) is oscillatory.
